We consider double L-functions with periodic coefficients and complex parameters. We prove functional equations for them, which is of traditional symmetric form on certain hyperplanes. These are character analogues of our previous result on double zeta-functions. We further evaluate double L-functions at non-positive integers and construct certain p-adic double L-functions.
Introduction
Let N be the set of natural numbers, N 0 := N ∪ {0}, Z the ring of rational integers, R the field of real numbers, C the field of complex numbers and i = √ −1.
For f ∈ N, let a : Z → C be a periodic function with period f . We assume that a is an even or odd function, namely a(−m) = λ(a)a(m) for any m ∈ Z, where λ(a) ∈ {±1}. Let and let R f = R + f ∪ R − f . For a j ∈ R f j (j = 1, 2), we choose any f ∈ N with lcm(f 1 , f 2 ) | f . Then we see that a j ∈ R f (j = 1, 2). In view of this observation, from now on, we assume f > 1.
For a 1 , a 2 ∈ R f , we define the double Dirichlet series associated with a 1 and a 2 by L N 2 (s 1 , s 2 ; a 1 , a 2 
for s 1 , s 2 ∈ C. This series is absolutely convergent when
where σ j = s j (j = 1, 2 which was first studied by Arakawa and Kaneko [4] .
They considered not only double L-values, but also more general multiple L-values (abbreviated as MLVs).
After their work, several properties for MLVs have been studied (see, for example, [25, 26, 28] ). In addition, another type of multiple L-functions was studied by Akiyama and Ishikawa [2, 13] . where ω 1 , ω 2 ∈ C with ω 1 > 0, ω 2 > 0. This is also absolutely convergent when (1.3) holds. The special case a 1 ≡ 1, a 2 ≡ 1 in (1.4) has been studied in our former paper [17] . In this paper, we give symmetric functional equations of traditional type for the above double Dirichlet series (Theorem 2.1). In particular when a 1 ≡ 1, a 2 ≡ 1, this coincides with the functional equation for double zeta-functions given in [17] which is based on a pioneering result of the second-named author [21] . As a corollary of our present result, for primitive Dirichlet characters χ 1 , χ 2 of conductor f > 1, we obtain a symmetric functional equation for the ordinary double Dirichlet L-function
(1.5) (Corollary 2.3). On the other hand, if χ 1 or χ 2 is a principal character or a nonprimitive character, then the function appearing in the counter-part of the functional equation is not necessarily a (double) Dirichlet L-function (see Remark 2.4) . This is the reason why we work in a general framework of periodic coefficients. In Section 3, using those functional equations, we evaluate double L-functions at non-positive integers. Indeed we determine certain trivial zeros of double Lfunctions (Theorem 3. as a χ-analogue of a known fact for double zeta-functions given by Akiyama-EgamiTanigawa [1] and recovered by the authors [17] .
This type of double L-functions is attractive from the viewpoint of number theory. In fact, we have already known that, for example,
(see [27, p.167, Remark] ), where χ is a primitive Dirichlet character of conductor f > 1 and {B n,χ } are the generalized Bernoulli numbers defined by
(see [29, Chap. 4] ). This implies that double L-functions have number theoretic information of abelian number fields. In Section 4, based on the observation for values of double L-functions, we will construct p-adic double L-functions by using p-adic measures (see (4.4) ). We will prove some functional relations between p-adic double L-functions and KubotaLeopoldt p-adic L-functions (Theorem 4.2). More general investigation for p-adic multiple L-functions will be written in our forthcoming paper.
A part of the results in the present paper has been announced in [16] .
The statement of functional equations
First we recall some results of finite Fourier expansions (see, for example, [3, Chapter 8] ). Let a 1 , a 2 ∈ R f . We can write
where
In particular a j (0) = 0 if and only if 1≤ν≤f a j (ν) = 0. Also we can see that λ( a j ) = λ(a j ) (j = 1, 2). When a 1 and a 2 are primitive Dirichlet characters ψ 1 and ψ 2 of conductor f , respectively, then we have
where ψ j is the complex conjugate of ψ j and τ (·) denotes the Gauss sum defined by Therefore
for a primitive character ψ j (j = 1, 2) of conductor f . Now we state the first main result in this paper, that is, the functional equation for the double series (1.4). For a ∈ R f we let 
holds on the hyperplane s 1 + s 2 = 2k + 1 (k ∈ Z) if λ(a 1 )λ(a 2 ) = 1, and on the hyperplane
Remark 2.2. Formula (2.7) is valid for any k ∈ Z, but double L-functions may be singular on some of the above hyperplanes. This point will be discussed at the end of the present paper.
In particular when a 1 , a 2 are primitive Dirichlet characters χ 1 , χ 2 of conductor f > 1, it is well-known that 
holds on the hyperplane
, and on the hyperplane
Remark 2.4. When χ 1 or χ 2 is a principal character or a non-primitive Dirichlet character, (2.8) does not hold. Therefore, in this case, (2.9) does not hold while (2.7) holds. In fact, we will treat this case in Theorem 3.4.
The proof of Theorem 2.1 will be given in the last section of the present paper.
Values at non-positive integers
In this section, using the results in the preceding section, we compute the values
First we assume that a 1 , a 2 ∈ R f with f > 1 and that a 1 (0) = a 2 (0) = 0. Let
and define β M,N (a 1 , a 2 ) by the expansion
can be analytically continued to the whole space
Proof. We use the method of contour integrals (see, for example, [29, Proof of Theorem 4.2]). We define Υ which consists of the positive real axis [ε, ∞) for a small positive ε (top side), a circle C ε around 0 counterclockwise of radius ε, and the positive real axis [ε, ∞) (bottom side). Note that we interpret t s to mean exp(s log t), where the imaginary part of log t varies from 0 (on the top side of the real axis) to 2π (on the bottom side). Let 
When s 1 > 1 and s 2 > 1, we see that
then the denominator on the right-hand side of (3.1) does not tend to 0 when t 1 , t 2 → 0). Therefore, in the usual way, we have
can be continued meromorphically to the whole space C 2 . The zeros of e 2πisj − 1 (j = 1, 2), that is s j = l j ∈ Z, are candidates of sin-
. However they are cancelled by the gamma factors if l j ≤ 0. When l 1 ≥ 1 or l 2 ≥ 2, they should not be singularities because of (1.3). To prove that the remaining case s 2 = 1 is also not singular, we show that the series (1.2) (in that order of summation) is convergent uniformly in the region s 2 > 0, (s 1 + s 2 ) > 1. In fact, n≤x a 2 (n) is bounded uniformly in x, because a 2 (0) = 0. Therefore by partial summation we have
This is convergent when σ 1 + σ 2 > 1, which implies the assertion. Therefore
Lastly, putting s 1 = −p, s 2 = −q in (3.4), substituting (3.2) into the right-hand side, and using the well-known fact
we can obtain (3.3). 
Proof.
, we see (as in the proof of Theorem 3.1)
Hence, from (2.9), we see that if Next, when a 1 is a primitive Dirichlet character χ of conductor f > 1, and a 2 is the principal character χ 0 , that is, χ 0 (m) = 1 (m ∈ Z). Then we can see that χ 0 ∈ R f and
It is known that (see [29, Chapter 4] )
where {B n,χ } are the generalized Bernoulli numbers defined by (1.7). Hence, by putting (s 1 , s 2 ) = (−p, −q) with p ∈ N, q ∈ N 0 in (2.7), we obtain the following result, which can be regarded as a χ-analogue of the known fact for double zetafunctions given by Akiyama-Egami-Tanigawa [1, Equation (8) 
(3.8)
Example 3.5. It is known that (see, for example, [25, 26, 27] )
where ψ 3 is the odd quadratic Dirichlet character of conductor 3. Putting (s 1 , s 2 ) = (s, 3 − s) in (2.9) and letting s → 1 we have 2πi 3 Hence, from the viewpoint of p-adic interpolations, it is natural to expect that there exists the notion of p-adic double L-functions, or more generally, p-adic multiple Lfunctions, which is closely connected with the well-known Kubota-Leopoldt p-adic L-functions [19] . In this section, we construct a certain p-adic double L-function associated with the Dirichlet character of conductor p, and prove a functional relation for this function and the Kubota-Leopoldt p-adic L-function. More general investigation for p-adic multiple L-functions will be written in our forthcoming paper. We prepare the notation and quote some known results (see, for example, [15, 29] ). Let p be an odd prime number, and let Z p , Z × p and Q p be the ring of p-adic integers, its unit group and the field of p-adic rational numbers, respectively. For Coresponding to the disjoint union Z p = ∪ 0≤a<p N (a + p N Z p ) for any N ∈ N, we consider the p-adic measure µ on Z p defined by Now we define p-adic double L-functions as follows. Let η ∈ pZ p and k, l ∈ N.
p-adic double L-functions
any a ∈ Z × p , let ω(a) ∈ Zµ(a + p N Z p ) = (−1) a 2 ,L p (s; ω k ) = 1 2 1−s ω k (2) − 1 Z × p x −s ω k−1 (x)dµ(x) = 1 2 1−s ω k (2) − 1 lim N →∞ p N −1 a=1 p a a −s ω k−1 (a) (−1) a 2 . (4.1)
This is the p-adic interpolation of the p-adic integral expression of non-positive values of L-functions, typically
b m := − 2 m+1 − 1 m + 1 B m+1 = Zp x m dµ(x) = lim N →∞ p N −1 a=0 a m (−1)For s 1 , s 2 ∈ Z p , we define L p,2 (s 1 , s 2 ; ω k , ω l ; η) = Z × p ×Zp x −s1 x + ηy −s2 ω k+l (x)dµ(x)dµ(y) = lim N →∞ p N −1 a=1 p a p N −1 b=0 a −s1 a + ηb −s2 ω k+l (a) (−1) a+b 4 . (4.4) By [29, Proposition 5.8], we see that L p,2 (s 1 , s 2 ; ω k , ω l ; η) is continuous on Z p × Z p .
In the rest of this section, we will prove a certain functional relation between this p-adic double L-function and the Kubota-Leopoldt p-adic L-function. Let

G(t)
Then, by (4.2), we have
Note that it is possible to change the order of summation and integration because this double series convergent absolutely with respect to the p-adic metric (see [15, p.13 
]). From the definition of G(t), we can easily see that G(t) + G(−t) = 1. Hence G(t) − 1/2 is an odd function, so is G(γt) − 1/2 for any
is an odd (resp. even) function if k is even (resp. odd). For γ ∈ Z p , let
From (4.6), we have 
We see that H k (t; γ) is an odd (resp. even) function if k is odd (resp. even). Therefore we have the following.
Using this fact, we will prove the following functional relation.
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Then, by (4.4) and from the choice of m, n, we have
When k ≡ l (mod 2), namely m ≡ n (mod 2), we see that the right-hand side of (4.12) is equal to 0 by using Proposition 4.1 with γ = η and η/p ∈ Z p . On the other hand, by (4.1), the second term on the right-hand side of (4.11) is equal to
From the above proof we can see that the key underlying fact is that G(t) − 1/2 is an odd function, namely B 2m+1 = 0 (m ∈ N). In other words, we can say that Proposition 4.1 and Theorem 4.2 are consequences of the existence of trivial zeros of the Riemann zeta-function.
It should be noted that (4.10) does not hold when k + l is even. In order to confirm this fact, we again consider I (defined by (4.11)) in the case when k + l is even, where the second term vanishes because L p (s; ω k+l+1 ) is the zero function. Hence we have I = L p,2 (−m, −n; ω k , ω l ; η) by (4.11). Therefore, combining (4.2), (4.9) and (4.12), we obtain the following.
For example, we have
which do not vanish. For this decade, certain p-adic multiple zeta values have been investigated by Furusho, Jafari, and so on (see, for example, [7, 8, 9] ). Our p-adic double L-functions are constructed in a totally different way from their work. Hence it is unclear whether there is some connection between their theory and ours.
Double Hurwitz-Lerch zeta-functions
Define the double zeta-function of Hurwitz-Lerch type by
We write θ j = arg ω j (j = 1, 2). When ω 1 = 1 and ω 2 > 0, this double zeta-function was first introduced in [21] . In this section we prove the functional equation for ζ 2 (s 1 , s 2 ; α, β; ω 1 , ω 2 ), which is necessary for the proof of Theorem 2.1. Let Ψ(b, c; x) be the confluent hypergeometric function defined by
where b > 0, −π < θ < π, |θ + arg x| < π/2 (see Erdélyi et al. [6, formula 6.5 (3)]), and
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for ω ∈ C, −π < arg ω < π. This function is periodic of period 1 with respect to both α and β. Let φ(s, β) = ∞ m=1 e 2πimβ m −s be the Lerch zeta-function, which is known to be continued meromorphically to the whole of C, and is entire unless β ∈ Z. 
(5.5)
When ω 1 = 1 and ω 2 > 0, these two lemmas are essentially included in [21] . Indeed, Lemma 5.1 in this case is Proposition 2 of [21] . Lemma 5.2 in this case is not explicitly stated in [21] , but it can be immediately shown from Propositions 1 and 2 of [21] . The form of Lemma 5.2 was first stated in [22] ; see also [17, (1.8) ].
The following proof of these two lemmas is a generalization of that in [20] [21], so we omit some parts of the proof. However we describe the details of some other parts carefully, where the existence of complex parameters causes new complication.
Let us start the proof. The series (5.1) is absolutely convergent in the region (1.3). We first show that, in the subregion σ 1 > 0, σ 2 > 1, σ 1 + σ 2 > 2, the following integral expression holds:
In fact, (5.6) is a generalization of [20, (3.4) ], and the proof is quite similar to that described there. (On line 16, p.391 of [20] , the term +w in the exponent is to be deleted.) A small difference is that, when one tries to mimic the argument on line 10, p.391 of [20] , one encounters the path of integration which is the half-line from the origin to e iθ 1 ∞. But we can rotate this half-line to the positive real axis, because
Next, let
and divide the right-hand side of (5.6) as 
Hence g 2 is convergent when 0 < σ 1 < 1, σ 1 + σ 2 > 2, and in this region we have 8) where the last equality is proved by an argument again similarly to that on line 10, p.391 of [20] . Therefore the decomposition (5.7) is now established in the region
Let Υ be the contour as in Section 3. Then we have
The right-hand side of (5.9) is convergent for σ 1 < 1 and any s 2 ∈ C. Combining this fact with (5.7) and (5.8), we find that ζ 2 (s 1 , s 2 ; α, β; ω 1 , ω 2 ) can be continued meromorphically to s 1 < 1 and any s 2 ∈ C.
Lemma 5.3. For s 1 < 0 and s 2 > 1, Proof. First we replace the contour Υ of the inner integral on the right-hand side of (5.9) by
and let R → ∞. A crucial point is that h(x + y, α) = O(1) for x ∈ Υ R . This can be proved similarly to [20, (5. 2)], by considering two cases cos(θ 1 + φ) ≤ 0 and cos(θ 1 + φ) > 0 separately. Therefore, since σ 1 < 0, by residue calculus similar to the proof of [20, (5. 3)], we obtain 11) if the summation and the integration can be interchanged, where
Consider the case n > 0. Since ω 1 > 0, the point −y + 2πinω
is in the upper half-plane, so we may write −y + 2πinω
1 . Replacing the contour Υ on the right-hand side of (5.12) by the half-line [0, ∞) (which can be done because σ 2 > 1), and putting y = 2πnω [21] when ω > 0. To prove Lemma 5.1 we have to consider the case ω = ω 2 /ω 1 , which is not necessarily real, but the argument is almost the same. Therefore we omit the details. We only quote here formula [21, (3.7) ], which is valid in our present situation, and is necessary in the next section: 17) where N ∈ N, (a) j = Γ(a + j)/Γ(a), ρ N is given by [21, (3. 3)], and the infinite sum on the right-hand side is absolutely convergent, and is holomorphic in s 1 and s 2 , in the region σ 1 < N and σ 2 > −N + 1.
